Abstract. In this paper, we establish some Hermite-Hadamard type inequalities for (p 1 , h 1 )-(p 2 , h 2 )-convex function on the co-ordinates. Furthermore, some inequalities of HermiteHadamard type involving product of two convex functions on the co-ordinates are also considered. The results presented here would provide extensions of those given in earlier works.
Introduction
The following double integral inequality
which holds for any convex function f : [a, b] ⊂ R → R, is well known in the literature as the Hermite-Hadamard inequality, see [1, 2] . Since Hermite-Hadamard's inequality for convex functions has been considered the most useful inequality in mathematical analysis, it has received renewed attention in recent years and a remarkable variety of refinements and generalizations have been found, we would like to refer the reader to the papers [3, 4, 5, 6, 7, 8, 9, 10, 11, 12] and the references cited therein. For example, Dragomir and Fitzpatrick [13] proved the variant of the Hermite-Hadamard inequality holds for s-convex functions in the second sense. Sarikaya et al. [14] obtained that variant of the Hadamard inequality holds for an h-convex function.
Fang and Shi [15] introduced the definition of (p, h)-convex function.
Definition 1.1. Let h : J → R be a nonnegative and non-zero function. We say that f : I → R is a (p, h)-convex function or that f belongs to the class g hx(h, p, I ), if f is nonnegative and for all x, y ∈ I and α ∈ (0, 1). Similarly, if the inequality sign in (1.2) is reversed, then f is said to be a (p, h)-concave function or belong to the class g hv(h, p, I ).
In [15] , Fang and Shi obtained the following Hermite-Hadamard type inequalities of (p, h)- In [16] , Dragomir introduced co-ordinated convex function in the following way: Definition 1.2. A mapping f : ∆ → R is said to be convex on the co-ordinates on ∆ if the inequality f (t x + (1 − t )y, r u + (1 − r )w ) ≤ t r f (x, u) + t (1 − r ) f (x, w ) + r (1 − t ) f (y, u) + (1 − t )(1 − r ) f (y, w ), holds for all t , r ∈ [0, 1] and (x, u), (y, w ) ∈ ∆.
For such a mapping Dragomir [16] proved the following Hermite-Hadamard type in- For refinements and counterparts of other type convex functions on the co-ordinates, see [18, 19, 20, 21, 22, 23, 24, 25] .
In [26] , Latif and Alomari established Hadamard-type inequalities for product of two convex functions on the co-ordinates as follow: 
In [27] , Ödemir and Akdemir established Hermite-Hadamard-type inequalities for product of convex functions and s-convex functions of 2-variables on the co-ordinates as follow: Now we first give a definition of (p, h)-convex functions on ∆.
Definition 1.4.
Let h : J → R be a nonnegative and non-zero function. A mapping f : ∆ → R is said to be (p, h)-convex on the co-ordinates on ∆ if the inequality
holds for all λ ∈ [0, 1] and (x, u), (y, w ) ∈ ∆. From the above definition it follows that if f is a co-ordinated (
Similar to the proof of [16, 17] , it is easily to see that every product of two convex functions on the co-ordinates are also considered. The results presented here would provide extensions of those given in earlier works.
Main results
In this section, we will give the Hermite-Hadamard type inequalities by using (p 1 , h 1 )-(p 2 , h 2 )-convex functions of two variables on the co-ordinates on ∆.
Then one has the inequalities:
Proof. According to (1.4) with
Using the change of the variable in (2.3), we get
which the first inequality is proved. For the proof of the second inequality in (2.1), we first note that since f is a (p 1 , h 1 )-(p 2 , h 2 )-convex function on the co-ordinates on ∆, then, by using (1.4)
Similarly, we have
and
Adding the inequalities (2.4)-(2.7), we have 
The proof is completed.
By using different method, the following inequalities will be obtained.
Then by using inequalities (1.3), we can write
That is,
Multiplying both sides of (2.10) by 
A similar arguments applied for the mapping f y :
Summing the inequalities (2.11) and (2.12), we get the second and the third inequalities in (2.9). Now, by using the first inequality in (1.3), we also have
and 1
Multiplying both sides of (2.13) and (2.14) by , respectively, and adding the obtained results, we get the first inequality in (2.9).
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Finally, by using the second inequality in (1.3), we can also state that
which give, by addition, the last inequality in (2.9). The proof is completed. Similarly, from the proof of Theorem 2.1, we can obtain the following theorem.
where w : ∆ → [0, ∞) is a symmetric function with respect to
Some inequalities involving product of two convex functions
In this section, we will consider some inequalities of Hermite-Hadamard type involving product of two convex functions on the co-ordinates on ∆.
convex functions on the co-ordinates on ∆, respectively. Then one has the inequality:
where
Multiplying (3.2) and (3.3) and integrating the obtained result with respect to (t , r ) on
, we obtain our inequality (3.1).
Using Theorem 7 in [15] and multiplying both sides of the inequalities by
Now, by adding (3.5) and (3.6), we obtain
Applying Theorem 1.2 to each term of right hand side of the above inequality (3.7), we have
Using the inequalities (3.8)-(3.15) in (3.7), we get
and 1 
Applying Theorem 1.2 to each term of right hand side of the above inequality (3.19), we have
Using the inequalities (3.20)-(3.28) in (3.19), we get
which give the desired result (3.4) . This completes the proof.
Remark 2. In Theorems 3.1 and 3.2, letting p 1 = p 2 = 1 and h 1 (t ) = h 2 (t ) = k 1 (t ) = k 2 (t ) = t , Theorems 3.1 and 3.2 reduce to Theorem 1.5. In Theorems 3.1 and 3.2, letting p 1 = p 2 = 1, 
Proof. Since f is (p 1 , h 1 )-(p 2 , h 2 )-convex on the co-ordinates and g is (p 1 , k 1 )-(p 2 , k 2 )-convex on the coordinates on ∆, it follows that (3.29) and
By (3.29)-(3.30) and using the elementary inequality, if e ≤ f and p ≤ r , then er + f p ≤ e p + f r for all e, f , p, r ∈ R, we get the following ienquality Remark 3. In Theorem 3.3, letting p 1 = p 2 = 1 and h 1 (t ) = h 2 (t ) = k 1 (t ) = k 2 (t ) = t , Theorem 3.3 reduces to Theorem 10 obtained by Ödemir and Akdemir [27] .
convex functions on the co-ordinates on ∆, respectively. Then one has the inequality: 
Proof. Since f is (p 1 , h 1 )-(p 2 , h 2 )-convex on the co-ordinates and g is (p 1 , k 1 )-(p 2 , k 2 )-convex on the coordinates on ∆, it follows that
Because f and g are nonnegative, from (3.33) and (3.34), we get the inequality
Multiplying both sides of (3.35) by
Applying Theorems 1.1 and 1.2 to second and third term of right hand side of the inequality (3.36), we have
and p
Applying Theorem 2.1 to fourth term of right hand side of the inequality (3.36), we have
Using the inequalities (3.37)-(3.39) in (3.36), we get the desired result (3.32).
Remark 4.
Suppose that f , g : ∆ → [0, ∞) are convex functions on the co-ordinates on ∆. Then one has the inequality:
where Then one has the inequality: Remark 6. Suppose that f , g : ∆ → [0, ∞) are s 1 -convex and s 2 -convex functions on the coordinates on ∆, respectively. Then one has the inequality: 
Proof. Since f is (p 1 , h 1 )-(p 2 , h 2 )-convex on the co-ordinates and g is (p 1 , k 1 )-(p 2 , k 2 )-convex on the coordinates on ∆, it follows that a, b, c, d ), M (a, b, c, d ) and N (a, b, c, d ) 
